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Introdution to Statstial Theory of Fluid Turbulene
Mahendra K. Verma
∗
Department of Physis, IIT Kanpur, Kanpur 208016, India
This is a brief introdution to the statistial theory of uid turbulene, with emphasis on eld-
theoreti treatment of renormalized visosity and energy uxes.
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I. INTRODUCTION
Fluid and plasma ows exhibit omplex random behaviour at high Reynolds number; this phenomena is alled
turbulene. On the Earth turbulene is observed in atmosphere, hannel and rivers ows et. In the universe, most
of the astrophysial systems are turbulent. Some of the examples are solar wind, onvetive zone in stars, galati
plasma, aretion disk et.
Reynolds number, dened as UL/ν (U is the large-sale veloity, L is the large length sale, and ν is the kinemati
visosity), has to be large (typially 2000 or more) for turbulene to set in. At large Reynolds number, there are
many ative modes whih are nonlinearly oupled. These modes show random behaviour along with rih strutures
and long-range orrelations. Presene of large number of modes and long-range orrelations makes turbulene a very
diult problem that remains largely unsolved for more than hundred years.
Fortunately, randommotion and presene of large number of modes make turbulene amenable to statistial analysis.
Notie that the energy supplied at large-sales (L) gets dissipated at small sales, say ld. Experiments and numerial
simulations show that the veloity dierene u(x+ l) − u(x) has a universal probability density funtion (pdf) for
ld ≪ l ≪ L. That is, the pdf is independent of experimental onditions, foring and dissipative mehanisms et.
Beause of its universal behaviour, the above quantity has been of major interest among physiists for last sixty years.
Unfortunately, we do not yet know how to derive the form of this pdf from the rst priniple, but some of the moments
have been omputed analytially. The range of sales l satisfying ld ≪ l ≪ L is alled inertial range.
In 1941 Kolmogorov [19, 20, 21℄ omputed an exat expression for the third moment of veloity dierene. He showed
that under vanishing visosity, third moment for veloity dierene for homogeneous, isotropi, inompressible, and
steady-state uid turbulene is 〈(
u||(x+ l)− u||(x)
)3〉
=
4
5
Πl
where || is the parallel omponent along l, 〈.〉 stands for ensemble average, and Π is the energy asade rate, whih
is also equal to the energy supply rate at large sale L and dissipation rate at the small sale ld. Assuming fratal
struture for the veloity eld, and Π to be onstant for all l, we an show that the energy spetrum E(k) is
E(k) = KKoΠ
2/3k−5/3,
where KKo is a universal onstant, alled Kolmogorov's onstant, and L
−1 ≪ k ≪ l−1d . Numerial simulations and
experiments verify the above energy spetrum apart from a small deviation alled intermitteny orretion.
Availability of powerful omputers and sophistiated theoretial tools have helped us understand several aspets of
uid turbulene. Some of these theories have been motivated by Kolmogorov's theory for uid turbulene. Note that
inompressible turbulene is better understood than ompressible turbulene. Therefore, our disussion is primarily
for inompressible plasma. In this paper we fous on the universal statistial properties of uid turbulene, whih are
valid in the inertial range. In this paper we will review the statistial properties of following quantities:
1. Inertial-range energy spetrum for uid turbulene.
32. Various energy uxes in uid turbulene.
3. Energy transfers between various wavenumber shells.
Many analyti alulations in uid have been done using eld-theoreti tehniques. Even though these methods
are plagued with some inonsistenies, many meaningful results have been obtained using them. Here we will disuss
items 1-3 in greater detail.
As mentioned above, pdf of veloity dierene in uid turbulene is still unsolved. We know from experiments
and simulation that pdf is lose to Gaussian for small δu, but is nongaussian for large δu. This phenomena is alled
intermitteny. Note that various moments alled Struture funtions are onneted to pdf. It an be shown that
the struture funtions are related to the loal energy asade rate Π(k). Some phenomenologial models, notably
by She and Leveque [43℄ based on log-Poisson proess, have been developed to ompute Π(k); these models quite
suessfully apture intermitteny in both uid and MHD turbulene. The preditions of these models are in good
agreement with numerial results. There are interesting reent advanes in intermitteny in salar turbulene [? ℄.
However, here we do not disuss intermitteny in great detail.
Numerial simulations have provided many important data and lues for understanding the dynamis of turbulene.
They have motivated new models, and have veried/rejeted existing models. In that sense, they have beome another
type of experiment, hene ommonly termed as numerial experiments. Modern omputers have made reasonably
high resolution simulations possible. The highest resolution simulation in uid turbulene is on 40963 grid (e.g., by
Gotoh [18℄). Note that simulations are also used heavily for studying uid ows around airrafts and vehiles, in
atmospheres, engineering devies like turbines et.
Fluid turbulene has a larger volume of literature. Here we will list only some of the relevant ones. Leslie [30℄,
MComb [33, 34, 35℄, Zhou et al. [63℄, and Smith and Woodru [44℄ have reviewed eld-theoreti treatment of uid
turbulene. The reent books by Frish [17℄ and Lesieur [29℄ over reent developments and phenomenologial theories.
Also, the review artiles by Orszag [39℄, Kraihnan and Montgomery [27℄, and Sreenivasan [45℄ are quite exhaustive.
The outline of the paper is as follows: Setion II ontains denition of various global and spetral quantities along
with their governing equations. In Setion III we disuss the formalism of mode-to-mode energy transfer rates in
uid turbulene. Using this formalism, formulas for energy uxes and shell-to-shell energy transfer rates have been
derived. Setion IV ontains the existing disussion on Kolmogorov's phenomenology for uid turbulene. Setions V
and VI ontains very brief introdution on experiments and simulations in uid turbulene.
phenomenologies whih inlude Kraihnan's 3/2 mode; Kolmogorov-like models of Goldreih and Sridhar. Absolute
equilibrium theories and Seletive deay are also disussed here. In Setion V we review the observed energy spetra
of the solar wind. Setion VI desribes Pseudo-spetral method along with the numerial results on energy spetra,
uxes, and shell-to-shell energy transfers. In these disussions we verify whih of the turbulene phenomenologies
are in agreement with the solar wind data and numerial results. In Setion VII we introdue Renormalization-
group analysis of turbulene, with an emphasis on MComb's proedure. In Setion VIII we ompute various energy
uxes and shell-to-shell energy transfers in uid turbulene using eld-theoreti tehniques. Here we also review
eddy-damped quasi-normal Markovian (EDQNM) alulations of turbulene.
Setion IX ontains a brief disussion on intermitteny models of uid turbulene. The last setion (X) ontains
onluding remarks. Appendix A ontains the denitions of Fourier series and transforms of elds in homogeneous
turbulene. Appendix B ontains the Feynman diagrams for uid turbulene; these diagrams are used in the eld-
theoreti alulations. In the last two Appendix (C and D) we briey mention the mode-to-mode energy transfer
formalism for salar and Rayleigh-Bénard onvetion.
4II. GOVERNING EQUATIONS
A. Equations for Fluid Dynamis
Navier-Stokes Equation
∂u
∂t
+ (u · ∇)u = −1
ρ
∇pth + ν∇2u+ 2ν
3
∇∇ · u, (1)
where pth is alled thermodynami pressure. The law of mass onservation yields the following equation for density
eld ρ(x)
∂ρ
∂t
+∇ · (ρu) = 0 (2)
Pressure an be omputed from ρ using the equation of state
p = f (ρ) (3)
This ompletes the basi equations of uids. Using these equations we an determine the unknowns (u,ρ, p). Note
that the number of equations and unknowns are the same.
On nondimensionalization of the Navier-Stokes equation, the term ∇p beomes (dρ/dx′) /ρ ×(Cs/U)2, where Cs
is the sound speed, U is the typial veloity of the ow, x′ is the position oordinate normalized with relative to the
length sale of the system [48℄. Cs →∞ is the inompressible limit, whih is widely studied beause water, the most
ommonly found uid on earth, is almost inompressible (δρ/ρ <0.01) in most pratial situations. The other limit
Cs → 0 or U ≫ Cs (supersoni) is the fully ompressible limit, and it is desribed by Burgers equation. The energy
spetrum for both these extreme limits well known. When U/Cs ≪ 1 but nonzero, then we all the uid to be nearly
inompressible; Zank and Matthaeus [59, 60℄ have given theories for this limit. The energy and density spetra are
not well understood for arbitrary U/Cs.
For most part of this paper, we assume the uid to be inompressible. In most of the terrestrial experiments, the
speed of water or air is less than the sound speed. Hene, inompressibility is a good assumption that simplies the
alulations signiantly. The inompressibility approximation an also be interpreted as the limit when volume of a
uid parel will not hange along its path, that is, dρ/dt = 0. From the ontinuity equation (2), the inompressibility
ondition redues to
∇ · u = 0 (4)
This is a onstraint on the veloity eld u. Note that inompressibility does not imply onstant density. However,
for simpliity we take density to be onstant and equal to 1. Under this ondition, Eqs. (1, 2) redue to
∂u
∂t
+ (u · ∇)u = −∇p+ ν∇2u, (5)
∇ · u = 0. (6)
When we take divergene of the equation Eq. (5), we obtain Poisson's equation
−∇2p = ∇ · [(u · ∇)u] . (7)
Hene, given u elds at any given time, we an evaluate p. Hene p is a dependent variable in the inompressible
limit.
The Navier-Stokes equation is nonlinear, and that is the rux of the problem. The visous (ν∇2u) term dissipates
the input energy. The ratio of the nonlinear vs. visous dissipative term is alled Reynolds number Re = UL/ν, where
U is the veloity sale, and L is the length sale. For turbulent ows, Reynolds number should be high, typially
more than 2000 or so.
5Table I: Global Quantities in MHD
Quantity Symbol Denition Conserved in MHD?
Kineti Energy E
∫
dxu2/2 No
Kineti Heliity HK
∫
dx(u · ω)/2 No
Enstrophy Ω
∫
dxω2/2 No
B. Energy Equations and Conserved Quantities
In this subsetion we derive energy equations for ompressible and inompressible uids. For ompressible uids
we an onstrut equations for energy using Eq. (1). Following Landau [28℄ we derive the following energy equation
for the kineti energy
∂
∂t
(
1
2
ρu2 + ρǫ
)
= −∇ ·
[(
1
2
u2 + ǫ
)
ρu
]
−∇ · pu+Φ (8)
where ǫ is the internal energy funtion. The rst term in the RHS is the energy ux, and the seond term is the
work done by the pressure, whih enhanes the energy of the system. The third term,Φ, a omplex funtion of strain
tensor, is the energy hange due to surfae fores.
In the above equations we apply isoentropi and inompressibility onditions. For the inompressible uids we an
hoose ρ = 1. Landau [28℄ showed that under this ondition ǫ is a onstant. Hene, for inompressible uid we treat
(u2)/2 as total energy. For ideal inompressible uid (ν = 0) the energy evolution equation is
∂
∂t
1
2
(
u2
)
= −∇ ·
[(
1
2
u2 + p
)
u
]
(9)
By applying Gauss law we nd that
∂
∂t
∫
1
2
(
u2
)
dx = −
∮ [(
1
2
u2 + p
)
u
]
· dS (10)
For the boundary ondition un = 0 or periodi boundary ondition, the total energy
∫
1/2(u2) is onserved.
There are some more important quantities in uid turbulene. They are listed in Table I. Note that ω is the
vortiity eld. By following the same proedure desribed above, we an show that in addition to energy, HK is
onserved in 3D uids, while Ω is onserved in 2D uids [29, 30℄. The onserved quantities play very important role
in turbulene.
Turbulent ow ontains many interating modes, and the solution annot be written in a simple way. A popular
approah to analyze the turbulent ows is to use statistial tools. We will desribe below the appliation of statistial
methods to turbulene.
C. Neessity for Statistial Theory of Turbulene
In turbulent uid the eld variables are typially random both in spae and time. Hene the exat solutions
given initial and boundary onditions will not be very useful even when they were available (they are not!). However
statistial averages and probability distribution funtions are reproduible in experiments under steady state, and they
shed important light on the dynamis of turbulene. For this reason many researhers study turbulene statistially.
The idea is to use the tools of statistial physis for understanding turbulene. Unfortunately, only systems at
equilibrium or near equilibrium have been understood reasonably well, and a good understanding of nonequilibrium
systems (turbulene being one of them) is still laking.
The statistial desription of turbulent ow starts by dividing the eld variables into mean and utuating parts.
Then we ompute averages of various funtions of utuating elds. There are three types are averages: ensemble,
temporal, and spatial averages. Ensemble averages are omputed by onsidering a large number of idential systems
and taking averages at orresponding instants over all these systems. Clearly, ensemble averaging demands heavily
in experiments and numerial simulations. So, we resort to temporal and/or spatial averaging. Temporal averages
are omputed by measuring the quantity of interest at a point over a long period and then averaging. Temporal
averages make sense for steady ows. Spatial averages are omputed by measuring the quantity of interest at various
spatial points at a given time, and then averaging. Clearly, spatial averages are meaningful for homogeneous systems.
6Steady-state turbulent systems are generally assumed to be ergodi, for whih the temporal average is equal to the
ensemble average [17℄.
Navier-Stokes equation, whih is really Newton's equation, is invariant under Galilean transformation
x = x′ + V0t
′
(11)
t = t′ (12)
where V0 is the veloity of the primed referene frame with relative to the laboratory frame. Clearly, we an eliminate
mean veloity of the ow by going to the frame whose veloity is the same as mean veloity of the uid. Throughout
this paper we will work in this referene frame.
As disussed above, ertain symmetries like homogeneity help us in statistial desription. Formally, homogeneity
indiates that the average properties do not vary with absolute position in a partiular diretion, but depends only
on the separation between points. For example, a homogeneous two-point orrelation funtion is
〈ui(x, t)uj(x′, t)〉 = Cij(x− x′, t) = Cij(r, t). (13)
Similarly, stationarity or steady-state implies that average properties depend on time dierene, not on the absolute
time. That is,
〈ui(x, t)uj(x, t′)〉 = Cij(x, t− t′). (14)
Another important symmetry is isotropy. A system is said to be isotropi if its average properties are invariant under
rotation. For isotropi systems
〈ui(x, t)uj(x′, t)〉 = Cij(|x− x′| , t) = Cij(|r| , t). (15)
Isotropy redues the number of independent orrelation funtions. Bathelor [1℄ showed that the isotropi two-point
orrelation ould be written as
Cij(r) = C
(1)(r)rirj + C
(2)(r)δij (16)
where C(1) and C(2) are even funtions of r = |r|. Hene we have redued the independent orrelation funtions to
two. For inompressible ows, there is only one independent orrelation funtion [1℄.
In turbulent uid, utuations of all sales exist. Therefore, it is quite onvenient to use Fourier basis for the
representation of turbulent uid veloity and magneti eld. Note that in reent times another promising basis alled
wavelet is beoming popular. In this paper we fous our attention on Fourier expansion, whih is the topi of the
next subsetion.
D. Turbulene Equations in Spetral Spae
Turbulent uid veloity u(x, t) is represented in Fourier spae as
u (x, t) =
∫
dk
(2π)d
u (k, t) exp (ik · x) (17)
u(k, t) =
∫
dxu (x, t) exp (−ik · x) (18)
where d is the spae dimensionality.
In Fourier spae, the equation for inompressible uid is [3℄(
∂
∂t
+ νk2
)
ui(k, t) = −ikip (k, t)− ikj
∫
dp
(2π)d
uj(k− p, t)ui(p, t) (19)
with the following onstrains
k · u (k) = 0, (20)
The substitution of the inompressibility ondition k · u (k) = 0 into Eq. (19) yields the following expression for the
pressure eld
p (k) = −kikj
k2
∫
dp
(2π)d
[uj(k− p, t)ui(p, t)] . (21)
7Table II: Various Spetra of Fluid Turbulene
Quantity Symbol Derived from Symbol for 1D
Kineti energy spetrum C (k) 〈ui(k)uj(k
′)〉 E(k)
Enstrophy spetrum Ω(k) 〈ωi(k)ωj(k
′)〉 Ω (k)
Note that the density eld has been taken to be a onstant, and has been set equal to 1.
It is also ustomary to write the evolution equations symmetrially in terms of p and k− p variables. The sym-
metrized equations are
(
∂
∂t
+ νk2
)
ui(k, t) = − i
2
P+ijm(k)
∫
dp
(2π)d
[uj(p, t)um(k− p, t)] (22)
where
P+ijm(k) = kjPim(k) + kmPij(k);
Pim(k) = δim − kikm
k2
;
Energy and other seond-order quantities play important roles in uid turbulene. For a homogeneous system these
quantities are dened as
〈ui(k, t)uj(k′, t)〉 = Cij(k, t)(2π)dδ(k+ k′).
The spetrum is also related to orrelation funtion in real spae
Cij(r) =
∫
dk
(2π)d
Cij (k) exp (ik · r) .
For isotropi situations we an take Cij(k) to be an isotropi tensor, and it an be written as [1℄
Cij(k) = Pij(k)C(k). (23)
When turbulene is isotropi, then a quantity alled 1D spetrum or redued spetrum E(k) dened below is very
useful.
E =
1
2
〈
u2
〉
= 12
∫
dk
(2π)d
Cii (k)∫
E(k)dk =
1
2
∫
dk
Sdk
d−1
(2π)d
Pii(k)C (k)
=
∫
dk
Sdk
d−1(d− 1)
2(2π)d
C (k) ,
where Sd = 2π
d/2/Γ(d/2) is the area of d−dimensional unit sphere. Therefore,
E(k) = C(k)kd−1
Sd(d− 1)
2(2π)d
. (24)
Note that the above formula is valid only for isotropi turbulene. We have tabulated all the important spetra of
uid turbulene in Table II.
The global quantities dened in Table I are related to the spetra dened in Table II by Pereval's theorem [1℄.
Sine the elds are homogeneous, Fourier integrals are not well dened. In Appendix A we show that energy spetra
dened using orrelation funtions are still meaningful beause orrelation funtions vanish at large distanes. We
onsider energy per unit volume, whih are nite for homogeneous turbulene. As an example, the kineti energy per
unit volume is related to energy spetrum in the following manner:
1
Ld
∫
dx
1
2
〈
u2
〉
=
1
2
∫
dk
(2π)d
Cii(k) =
∫
E(k)dk
8Similar identities an be written for other elds.
In three dimensions we have another important quantities alled kineti heliities. In Fourier spae kineti heliity
HK(k) is dened using
〈ui (k, t)Ωj (k′, t)〉 = Pij (k)HK(k)(2π)dδ(k+ k′)
The total kineti heliity HK an be written in terms of
HK =
1
2
〈u(x) ·Ω(x)〉
= 12
∫
dk
(2π)d
dk′
(2π)d
〈u(k) ·Ω(k′)〉
=
∫
dk
(2π)d
HK(k)
=
∫
dkHK(k)
Therefore, one dimensional magneti heliity HM is
HK(k) =
4πk2
(2π)3
HK(k).
Using the denition Ω(k) = ik× u(k), we obtain
〈ui (k, t) uj (k′, t)〉 =
[
Pij (k)C
uu(k) − iǫijlklHK(k)
k2
]
(2π)dδ(k+ k′).
Note that the magneti heliity breaks mirror symmetry.
We an Fourier transform in time as well using
u (x, t) =
∫
dkˆu (k, ω) exp (ik · x− iωt)
u(k, ω) =
∫
dxdtu (x, t) exp (−ik · x+ iωt)
where dkˆ = dkdω/(2π)d+1. The resulting uid equations in kˆ = (k, ω) spae are(−iω + νk2)ui(kˆ) = − i
2
P+ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)um(qˆ)] , (25)
After we have introdued the energy spetra and other seond-order orrelation funtions, we move on to disuss
their evolution.
E. Energy Equations
The energy equation for general (ompressible) Navier-Stokes is quite omplex. However, inompressible Navier-
Stokes equation is relatively simpler, and is disussed below.
From the evolution equations of elds, we an derive the following spetral evolution equations for inompressible
MHD (
∂
∂t
+ 2νk2
)
C (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
[−ℑ〈(k′ · u(q)) (u(p) · u(k′))〉 (26)
where ℑ stands for the imaginary part. Note that k′ + p+ q = 0 and k′ = −k. In Eq. (26) the rst term in the RHS
provides the energy transfer from the veloity modes to u(k) mode. Note that pressure ouples with ompressible
modes, hene it is absent in the inompressible equations.
In a nite box, using
〈
|u(k)|2
〉
= C(k)/((d − 1)Ld), and δ(k)(2π)d = Ld (see Appendix A), we an show that(
∂
∂t
+ 2νk2
)
1
2
〈
|u(k)|2
〉
=
∑
k′+p+q=0
[−ℑ〈(k′ · u(q)) (u(p) · u(k′))〉],
Many important quantities, e.g. energy uxes, an be derived from the energy equations. We will disuss these
quantities in the next setion.
9III. MODE-TO-MODE ENERGY TRANSFERS AND FLUXES IN MHD TURBULENCE
In turbulene energy exhange takes plae between various Fourier modes beause of nonlinear interations. Basi
interations in turbulene involves a wavenumber triad (k′,p,q) satisfying k′ + p+ q = 0. Usually, energy gained by
a mode in the triad is omputed using the ombined energy transfer from the other two modes [29℄. Reently Dar et
al. [7℄ devised a new sheme to ompute the energy transfer rate between two modes in a triad, and alled it mode-
to-mode energy transfer . They omputed energy asade rates and energy transfer rates between two wavenumber
shells using this sheme. We will review these ideas in this setion. Note that we are onsidering only the interations
of inompressible modes.
A. Mode-to-Mode Energy Transfer in Fluid Turbulene
In this subsetion we disuss evolution of energy in turbulent uid in a periodi box. We onsider ideal ase where
visous dissipation is zero (ν = 0). The equations are given in Lesieur [29℄
∂
∂t
1
2
|u (k′)|2 =∑k′+p+q=0 −12ℑ [(k′ · u(q)) (u(k′) · u(p)) + (k′ · u(p)) (u(k′) · u(q))] , (27)
where ℑ denotes the imaginary part. Note that the pressure does not appear in the energy equation beause of the
inompressibility ondition.
Consider a ase in whih only three modes u(k′),u(p),u(q), and their onjugates are nonzero. Then the above
equation yields
∂
∂t
1
2
|u (k′)|2 = 1
2
Suu(k′|p,q), (28)
where
S(k′|p,q) = −ℑ [(k′ · u(q)) (u(k′) · u(p)) + (k′ · u(p)) (u(k′) · u(q))] . (29)
Lesieur and other researhers physially interpreted S(k′|p,q) as the ombined energy transfer rate from modes p
and q to mode k′. The evolution equations for |u (p)|2 and |u (q)|2 are similar to that for |u (k′)|2. By adding the
energy equations for all three modes, we obtain
∂
∂t
[
|u (k′)|2 + |u (p)|2 + |u (q)|2
]
/2 = Suu(k′|p,q) + Suu(p|q,k′) + Suu(q|k′,p) (30)
= ℑ[(q · u(q)) (u(k′) · u(p)) (31)
+(p · u(p)) (u(k′) · u(q)) (32)
+(k′ · u(k′)) (u(p) · u(q))] (33)
For inompressible uid the right-hand-side is identially zero beause k′ · u(k′) = 0. Hene the energy in eah
interating triad is onserved , i.e.,
|u (k′)|2 + |u (p)|2 + |u (q)|2 = const. (34)
The question is whether we an derive an expression for mode-to-mode energy transfer rates from mode p to mode
k′, and from mode q to mode k′ separately. Dar et al. [7℄ showed that it is meaningful to talk about energy transfer
rate between two modes. They derived an expression for the mode-to-mode energy transfer, and showed it to be
unique apart from an irrelevant arbitrary onstant. They referred to this quantity as mode-to-mode energy transfer.
Even though they talk about mode-to-mode transfer, they are still within the framework of triad interation, i.e., a
triad is still the fundamental entity of interation.
1. Denition of Mode-to-Mode Transfer in a Triad
Consider a triad (k′,p,q). Let the quantity Ruu(k′|p|q) denote the energy transferred from mode p to mode k′
with mode q playing the role of a mediator. We wish to obtain an expression for R.
The R's should satisfy the following relationships :
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1. The sum of energy transfer from mode p to mode k′ (Ruu(k′|p|q)), and from mode q to mode k′ (Ruu(k′|p|q))
should be equal to the total energy transferred to mode k′ from modes p and q, i.e., Suu(k′|p,q) [see Eq. (28)℄.
That is,
Ruu(k′|p|q) +Ruu(k′|q|p) = Suu(k′|p,q), (35)
Ruu(p|k′|q) +Ruu(p|q|k′) = Suu(p|k′,q), (36)
Ruu(q|k′|p) +Ruu(q|p|k′) = Suu(q|k′,p). (37)
2. By denition, the energy transferred from mode p to mode k′, Ruu(k′|p|q), will be equal and opposite to the
energy transferred from mode k′ to mode p, Ruu(p|k′|q). Thus,
Ruu(k′|p|q) +Ruu(p|k′|q) = 0, (38)
Ruu(k′|q|p) +Ruu(q|k′|p) = 0, (39)
Ruu(p|q|k′) +Ruu(q|p|k′) = 0. (40)
These are six equations with six unknowns. However, the value of the determinant formed from the Eqs. (35-40) is
zero. Therefore we annot nd unique R's given just these equations. In the following disussion we will study the
set of solutions of the above equations.
2. Solutions of equations of mode-to-mode transfer
Consider a funtion
Suu(k′|p|q) = −ℑ ([k′ · u(q)] [u(k′) · u(p)]) (41)
Note that Suu(k′|p|q) is altogether dierent funtion ompared to S(k′|p,q). In the expression for Suu(k′|p|q), the
eld variables with the rst and seond arguments are dotted together, while the eld variable with the third argument
is dotted with the rst argument.
It is very easy to hek that Suu(k′|p|q) satisfy the Eqs. (35-40). Note that Suu(k′|p|q) satisfy the Eqs. (38-40)
beause of inompressibility ondition. The above results implies that the set of Suu(||)'s is one instane of the
Ruu(||)'s. However, Suu(k′|p|q) is not a unique solution. If another solution Ruu(k′|p|q) diers from S(k′|p|q) by an
arbitrary funtion X∆, i.e., R
uu(k′|p|q) = Suu(k′|p|q) +X∆, then by inspetion we an easily see that the solution
of Eqs. (35-40) must be of the form
Ruu(k′|p|q) = Suu(k′|p|q) +X∆ (42)
Ruu(k′|q|p) = Suu(k′|q|p)−X∆ (43)
Ruu(p|k′|q) = Suu(p|k′|q)−X∆ (44)
Ruu(p|q|k′) = Suu(p|q|k′) +X∆ (45)
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Figure 1: Mode-to-mode energy transfer in uid turbulene. Suu(k'|p|q) represents energy transfer rate from mode u(p) to
mode u(k′) with the mediation of mode u(q). X∆ is the arbitrary irulating transfer.
Ruu(q|k′|p) = Suu(q|k′|p) +X∆ (46)
Ruu(q|p|k′) = Suu(q|p|k′)−X∆ (47)
Hene, the solution diers from Suu(k′|p|q) by a onstant. See Fig. 1 for illustration. A areful observation of the
gure indiates that the quantity X∆ ows along p → k′ → q → p, irulating around the entire triad without
hanging the energy of any of the modes. Therefore we will all it the Cirulating transfer. Of the total energy
transfer between two modes, Suu +X∆, only S
uu
an bring about a hange in modal energy. X∆ transferred from
mode p to mode k′ is transferred bak to mode p via mode q. Thus the energy that is eetively transferred from
mode p to mode k′ is just Suu(k′|p|q). Therefore Suu(k′|p|q) an be termed as the eetive mode-to-mode energy
transfer from mode p to mode k′.
Note that X∆ an be a funtion of wavenumbers k
′,p,q, and the Fourier omponents u(k′),u(p),u(q). It may be
possible to determine X∆ using onstraints based on invariane, symmetries, et. Dar et al. [6℄ attempted to obtain
X∆ using this approah, but ould show that X∆ is zero to linear order in the expansion. However, a general solution
for X∆ ould not be found. Unfortunately, X∆ annot be alulated even by simulation or experiment, beause we
an experimentally ompute only the energy transfer rate to a mode, whih is a sum of two mode-to-mode energy
transfers. The mode-to-mode energy transfer rate is really an abstrat quantity, somewhat similar to gauges in
eletrodynamis.
The terms uj∂jui and uiuj∂jui are nonlinear terms in the Navier-Stokes equation and the energy equation respe-
tively. When we look at the formula (41) arefully, we nd that the uj(q) term is ontrated with kj in the formula.
Hene, uj eld is the mediator in the energy exhange between rst (ui) and third eld (ui) of uiuj∂jui.
In this following disussion we will ompute the energy uxes and the shell-to-shell energy transfer rates using
Suu(k′|p|q).
B. Shell-to-Shell Energy Transfer in Fluid Turbulene Using Mode-to-mode Formalism
In turbulene energy transfer takes plae from one region of the wavenumber spae to another region. Domaradzki
and Rogallo [10℄ have disussed the energy transfer between two shells using the ombined energy transfer Suu(k'|p,q).
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Figure 2: Shell-to-shell energy transfer from wavenumber-shell m to wavenumber-shell n. The triads involved in this proess
fall in two ategories: Type I, where both p and q are inside shell m, and Type II, where only p is inside shell m.
They interpret the quantity
T uunm =
1
2
∑
k′∈n
∑
p∈m
Suu(k′|p,q). (48)
as the rate of energy transfer from shell m to shell n . Note that k′-sum is over shell n, p-sum over shell m, and
k′ + p+ q = 0. However, Domaradzki and Rogallo [10℄ themselves points out that it may not be entirely orret to
interpret the formula (48) as the shell-to-shell energy transfer. The reason for this is as follows.
In the energy transfer between two shells m and n, two types of wavenumber triads are involved, as shown in Fig.
2. The real energy transfer from the shell m to the shell n takes plae through both k′-p and k′-q legs of triad I, but
only through k′-p leg of triad II. But in Eq. (48) summation erroneously inludes k′-q leg of triad II also along with
the three legs given above. Hene Domaradzki and Ragallo's formalism [10℄ do not yield totally orret shell-to-shell
energy transfers, as was pointed out by Domaradzki and Rogallo themselves. We will show below how Dar et al.'s
formalism [7℄ overomes this diulty.
By denition of the the mode-to-mode transfer funtion Ruu(k′|p|q), the energy transfer from shell m to shell n
an be dened as
T uunm =
∑
k′∈n
∑
p∈m
Ruu(k′|p|q) (49)
where the k′-sum is over the shell n, and p-sum is over the shell m. The quantity Ruu an be written as a sum of an
eetive transfer Suu(k′|p|q) and a irulating transfer X∆. As disussed in the last setion, the irulating transfer
X∆ does not ontribute to the energy hange of modes. From Figs. 1 and 2 we an see that X∆ ows from the shell
m to the shell n and then ows bak to m indiretly through the mode q. Therefore the eetive energy transfer
from the shell m to the shell n is just Suu(k′|p|q) summed over all the k′-modes in the shell n and all the p-modes
in the shell m, i.e.,
T uunm =
∑
k′∈n
∑
p∈m
Suu(k′|p|q). (50)
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Clearly, the energy transfer through k′ − q of the triad II of Fig. 2 is not present in T uunm in Dar et al.'s formalism
beause q /∈ m. Hene, the formalism of the mode-to-mode energy transfer rates provides us a orret and onvenient
method to ompute the shell-to-shell energy transfer rates in uid turbulene.
C. Energy Casade Rates in Fluid Turbulene Using Mode-to-mode Formalism
The kineti energy asade rate (or ux) Π in uid turbulene is dened as the rate of loss of kineti energy by
the modes inside a sphere to the modes outside the sphere. Let k0 be the radius of the sphere under onsideration.
Kraihnan [23℄, Leslie [30℄, and others have omputed the energy ux in uid turbulene using Suu(k′|p,q)
Π(k0) = −
∑
|k|<k0
∑
|p|>k0
1
2
Suu(k′|p,q). (51)
Although the energy asade rate in uid turbulene an be found by the above formula, the mode-to-mode approah
of Dar et al. [7℄ provides a more natural way of looking at the energy ux. Sine Ruu(k′|p|q) represents energy
transfer from p to k′ with q as a mediator, we may alternatively write the energy ux as
Π(k0) =
∑
|k′|>k0
∑
|p|<k0
Ruu(k′|p|q). (52)
However, Ruu(k′|p|q) = Suu(k′|p|q)+X∆, and the irulating transfer X∆ makes no ontribution to the energy ux
from the sphere beause the energy lost from the sphere through X∆ returns to the sphere. Hene,
Π(k0) =
∑
|k′|>k0
∑
|p|<k0
Suu(k′|p|q). (53)
Both the formulas given above, Eqs. (51) and (53), are equivalent as shown by Dar et al. [6℄.
Frish [17℄ has derived a formula for energy ux as
Π(k0) =
〈
u<k0 ·
(
u<k0 · ∇u>k0
)〉
+
〈
u<k0 ·
(
u>k0 · ∇u>k0
)〉
. (54)
It is easy to see that the above formula is onsistent with mode-to-mode formalism. As disussed in the Subsetion
IIIA 2, the seond eld of both the terms are mediators in the energy transfer. Hene in mode-to-mode formalism,
the above formula will translate to
Π(k0) =
∑
k>k0
∑
p<k0
−ℑ [(k′ · u<(q)) (u<(p) · u>(k′))+ (k′ · u>(q)) (u<(p) · u>(k′))] ,
whih is same as mode-to-mode formula (53) of Dar et al. [7℄.
The above quantities are omputed numerially or theoretially.
D. Digression to Innite Box
In the above disussion we assumed that the uid is ontained in a nite volume. In simulations, box size is typially
taken to 2π. However, most analyti alulations assume innite box. It is quite easy to transform the equations
given above to those for innite box using the method desribed in Appendix. Here, the evolution of energy spetrum
is given by (see Setion II)(
∂
∂t
+ 2νk2
)
C (k, t) =
2
(d− 1) δ (k+ k′)
∫
k′+p+q=0
dp
(2π)2d
[Suu(k′|p|q)] (55)
The shell-to-shell energy transfer rate Tnm from the m-th shell to the n-th shell is
Tnm =
1
(2π)dδ(k′ + p+ q)
∫
k′∈n
dk′
(2π)d
∫
p∈m
dp
(2π)d
〈Suu(k′|p|q)〉 , (56)
In terms of Fourier transform, the energy asade rate from a sphere of radius k0is
Π(k0) =
1
(2π)dδ(k′ + p+ q)
∫
k>k0
dk′
(2π)d
∫
p<p0
dp
(2π)d
〈Suu(k′|p|q)〉 . (57)
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For isotropi ows, after some manipulation and using Eq. (24), we obtain [29℄(
∂
∂t
+ 2νk2
)
E(k, t) = T (k, t), (58)
where T (k, t), alled transfer funtion, an be written in terms of SY X(k′|p|q). The above formulas will be used in
analyti alulations.
The mode-to-mode formalism disussed here is quite general, and it an be applied to salar turbulene [52℄,
MHD turbulene, Rayleigh-Bénard onvetion, enstrophy, Eletron MHD et. Some of these issues are disussed in
Appendies C and D. One key assumption however is inompressibility. In the next setion we will disuss various
turbulene phenomenologies and models of uid turbulene.
IV. TURBULENCE PHENOMENOLOGICAL MODELS
In the last two setions we introdued Navier-Stokes equation, and spetral quantities like the energy spetra and
uxes. These quantities have been analyzed using (a) phenomenologial (b) numerial () analytial (d) experimental
methods. In the present setion we will present the most important phenomenologial model alled Kolmogorov's
phenomenology of turbulene.
A. Kolmogorov's 1941 Theory for Fluid Turbulene
For homogeneous, isotropi, inompressible, and steady uid turbulene with vanishing visosity (large Re), Kol-
mogorov [19, 20, 21, 28℄ derived an exat relation that
〈
(△u)3‖
〉
= −4
5
ǫl (59)
where (△u)|| is omponent of u(x + l) − u(x) along l, ǫ is the dissipation rate, and l lies between foring sale (L)
and dissipative sales (ld), i.e., ld ≪ l ≪ L. This intermediate range of sales is alled inertial range. Note that the
above relationship is universal, whih holds independent of foring and dissipative mehanisms, properties of uid
(visosity), and initial onditions. Therefore it nds appliations in wide spetrum of phenomena, e. g., atmosphere,
oean, hannels, pipes, and astrophysial objets like stars, aretion disks et.
More popular than Eq. (59) is its equivalent statement on energy spetrum. If we assume △u to be fratal, and ǫ
to be independent of sale, then 〈
(△u)2
〉
∝ ǫ2/3l2/3 (60)
Fourier transform of the above equation yields
E(k) = KKoǫ
2/3k−5/3 (61)
where KKo is a universal onstant, ommonly known as Kolmogorov's onstant. Eq. (61) has been supported by
numerous experiments and numerial simulations. Kolmogorov's onstant KKo has been found to lie between 1.4-1.6
or so. It is quite amazing that omplex interations among uid eddies in various dierent situations an be quite
well approximated by Eq. (61).
Kolmogorov's derivation of Eq. (59) is quite involved. However, Eqs. (59, 61) an be derived using saling arguments
(dimensional analysis) under the assumption that
1. The energy spetrum in the inertial range does not depend on the large-saling foring proesses and the small-
sale dissipative proesses, hene it must be a power law in the loal wavenumber.
2. The energy transfer in uid turbulene is loal in the wavenumber spae. The energy supplied to the uid at
the foring sale asades to smaller sales, and so on. Under steady-state the energy asade rate is onstant
in the wavenumber spae, i. e., Π(k) = constant = ǫ.
In the framework of Kolmogorov's theory, several interesting dedutions an be made.
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1. Kolmogorov's theory assumes homogeneity and isotropy. In real ows, large-sales (foring) as well as dissipative
sales do not satisfy these properties. However, experiments and numerial simulations show that in the inertial
range (ld ≪ l≪ L), the uid ows are typially homogeneous and isotropi.
2. The veloity utuations at any sale l goes as
ul ≈ ǫ1/3l1/3. (62)
Therefore, the eetive time-sale for the interation among eddies of size l is
τl ≈ l
ul
≈ ǫ−1/3l2/3. (63)
3. An extrapolation of Kolmogorov's saling to the foring and the dissipative sales yields
ǫ ≈ u
3
L
L
≈ u
3
ld
ld
. (64)
Taking ν ≈ uld ld, one gets
ld ≈
(
ν3
ǫ
)1/4
. (65)
Note that the dissipation sale, also known as Kolmogorov's sale, depends on the large-sale quantity ǫ apart
from kinemati visosity.
4. From the denition of Reynolds number
Re =
ULL
ν
≈ ULL
uld ld
≈
(
L
ld
)4/3
(66)
Therefore,
L
ld
≈ Re3/4. (67)
Onset of turbulene depends on geometry, initial onditions, noise et. Still, in most experiments turbulenes
sets in after Re of 2000 or more. Therefore, in three dimensions, number of ative modes (L/ld)
3
is larger than
26 million. These large number of modes make the problem quite omplex and intratable.
5. Spae dimension does not appear in the saling arguments. Hene, one may expet Kolmogorov's saling to
hold in all dimensions. It is however found that the above saling law is appliable in three dimension only. In
two dimension (2D), onservation of enstrophy hanges the behaviour signiantly (see next two setions). The
solution for one-dimensional inompressible Navier-Stokes is u(x, t) = const, whih is a trivial solution.
6. Mode-to-mode energy transfer term S(k|p|q) measures the strength of nonlinear interation. Kolmogorov's
theory impliitly assumes that energy asades from larger to smaller sales. It is alled loal energy transfer in
Fourier spae. These issues will be disussed in Setion VIII.
7. Careful experiments show that the spetral index is lose to 1.71 instead of 1.67. This orretion of ≈ 0.04
is universal and is due to the small-sale strutures. This phenomena is known as intermitteny, and will be
disussed in Setion IX.
8. Kolmogorov's model for turbulene works only for inompressible ow. It is onneted to the fat that inom-
pressible ow has loal energy transfer in wavenumber spae. Note that Burgers equation, whih represents
ompressible ow (U ≫ Cs), has k−2 energy spetrum, very dierent from Kolmogorov's spetrum.
Kolmogorov's theory of turbulene had a major impat on turbulene researh beause of its universality. Properties
of salar, MHD, Burgers, Eletron MHD, wave turbulene have been studied using similar arguments.
As disussed in earlier setions, apart from energy spetra, there are many other quantities of interest in turbulene.
Some of them are kineti heliity, enstrophy et. The statistial properties of these quantities are quite interesting,
and they are addressed using Absolute Equilibrium State disussed below.
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B. Absolute Equilibrium States
In uid turbulene when visosity is identially zero (invisid limit), kineti energy is onserved in the inompressible
limit. Now onsider independent Fourier modes (transverse to wavenumbers) as state variables ya(t). Lesieur [29℄ has
shown that these variables move in a onstant energy surfae, and the motion is area preserving like in Liouville's
theorem. Now we look for equilibrium probability-distribution funtion P ({ya}) for these state variables. One we
assume ergodiity, the ideal inompressible uid turbulene an be mapped to equilibrium statistial mehanis [29℄.
By applying the usual arguments of equilibrium statistial mehanis we an dedue that at equilibrium, the
probability distribution funtion will be
P (y1, ..., ym) =
1
Z
exp
(
−1
2
σ
m∑
a=1
y2a
)
,
where σ is a positive onstant. The parameter σ orresponds to inverse temperature in the Boltzmann distribution.
Clearly
〈
y2a
〉
=
∫
Πidyiy
2
aP ({yi}) =
1
σ
,
independent of a. Hene energy spetrum C(k) is onstant, and 1-d spetrum will be proportional to kd−1 [29℄. This
is very dierent from Kolmogorov's spetrum for large Re turbulene. Hene, the physis of turbulene at ν = 0
(invisid) diers greatly from the physis at ν → 0. This is not surprising beause (a) turbulene is a nonequilibrium
proess, and (b) Navier-Stokes equation is singular in ν.
Even though nature of invisid ow is very dierent from turbulent ow, Kraihnan and Chen [26℄ suggested that
the tendeny of the energy asade in turbulent ow ould be antiipated from the absolute equilibrium states. Using
absolute equilibrium theory, Kraihnan [24℄ showed that in two dimensions, enstrophy asades forward, but energy
asades bakward (see also Lesieur [29℄). The above predition holds good for real uids.
V. EXPERIMENTAL RESULTS ON TURBULENCE
Analytial results are very rare in turbulene researh beause of omplex nature of turbulene. Therefore, experi-
ments and numerial simulations play very important role in turbulene researh. In uid turbulene, engineers have
been able to obtain neessary information from experiments (e.g., wind tunnels), and suessfully design omplex
mahines like aeroplanes, spaerafts et. This aspet of uid turbulene is not being overed here. For details on
experiments, refer to books on uid turbulene, e.g., Davidson [8℄.
17
VI. NUMERICAL INVESTIGATION OF FLUID TURBULENCE
Like experiments, numerial simulations help us test existing models and theories, and inspire new one. In addition,
numerial simulations an be performed for onditions whih may be impossible in real experiments, and all the eld
omponents an be probed everywhere, and at all times. Reent exponential growth in omputing power has fueled
major growth in this area of researh. Of ourse, numerial simulations have limitations as well. Even the best
omputers of today annot resolve all the sales in a turbulent ow. We will investigate these issues in this setion.
There are many numerial methods to simulate turbulene on a omputer. Engineers have devised many lever
shemes to simulate ows in omplex geometries; however, their attention is typially at large sales. Physiists
normally fous on intermediate and small sales in a simple geometry beause these sales obey universal laws. Sine
nonlinear equations are generally quite sensitive, one needs to ompute both the spatial and temporal derivatives
as aurately as possible. It has been shown that spatial derivative ould be omputed exatly using Fourier
transforms given enough resolutions [4℄. Therefore, physiists typially hoose spetral method to simulate turbulene.
Note however that several researhers have used higher order nite-dierene sheme and have obtained omparable
results.
A. Numerial Solution of uid Equations using Pseudo-Spetral Method
In this subsetion we will briey sketh the spetral method for 3D ows. For details refer to Canuto et al. [4℄.
The uid equations in Fourier spae is written as
∂u (k, t)
∂t
= −ikp (k, t)− FT [u (k, t) · ∇u (k, t)]− νk2u (k, t) + f
where FT stands for Fourier transform, and f(k, t) is the foring funtion. The ow is assumed to be inompressible,
i. e., k · u (k, t) = 0. We assume periodi boundary ondition with real-spae box size as (2π) × (2π) × (2π), and
Fourier-spae box size as (nx, ny, nz). The allowed wavenumbers are k = (kx, ky, kz) with kx = (−nx/2 : nx/2), ky =
(−ny/2 : ny/2), kz = (−nz/2 : nz/2). The reality ondition implies that z± (−k) = z±∗ (k), therefore, we need
to onsider only half of the modes [4℄. Typially we take (−nx/2 : nx/2,−ny/2 : ny/2, 0 : nz/2), hene, we have
N = nx ∗ ny ∗ (nz/2 + 1) oupled ordinary dierential equations. The objetive is to solve for the eld variables at a
later time given initial onditions. The following important issues are involved in this method:
1. The Navier-Stokes equation is onverted to nondimensionalized form, and then solved numerially. The param-
eter ν is inverse Reynold's number. Hene, for turbulent ows, ν is hosen to be quite small (typially 10−3 or
10−4). In Setion IVA we dedued using Kolmogorov's phenomenology that the number of ative modes are
N ∼ ν−9/4. (68)
If we hoose a moderate Reynolds number ν−1 = 104, N will be 109, whih is a very large number even for
the most powerful superomputers. To overome this diulty, researhers apply some triks; the most popular
among them are introdution of hypervisosity and hyperresistivity, and large-eddy simulations. Hypervisous
(hyperresistive) terms are of the form (νj)k
2ju (k) with j ≥ 2; these terms beome ative only at large wavenum-
bers, and are expeted not to aet the inertial range physis, whih is of interest to us. Beause of this property,
the usage of hypervisosity and hyperresistivity has beome very popular in turbulene simulations. Large-eddy
simulations are disussed in various books (e.g., see Pope [41℄. Just to note, one of the highest resolution uid
turbulene simulation is by Gotoh [18℄ on a 40963 grid; this simulation was done on Fujitsu VPP5000/56 with
32 proessors with 8 Gigabytes of RAM on eah proessor, and it took 500 hours of omputer time.
2. The omputation of the nonlinear terms is the most expensive part of turbulene simulation. A naive alulation
involving onvolution will take O(N2) oating point operations. It is instead eiently omputed using Fast
Fourier Transform (FFT) as follows:
(a) Compute u (x) from u (k) using Inverse FFT.
(b) Compute ui(x)uj(x) in real spae by multiplying the elds at eah spae points.
() Compute FFT [ui(x)uj(x)] using FFT.
(d) Compute ikjFFT [ui(x)uj(x)] by multiplying by kj and summing over all j. This vetor is
−FFT [u (k, t) · ∇u (k, t)].
Sine FFT takes O(N logN), the above method is quite eient. The multipliation is done in real spae,
therefore this method is alled pseudo-spetral method instead of just spetral method.
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3. Produts ui(x)uj(x) produe modes with wavenumbers larger than kmax. On FFT, these modes get aliased
with k < kmax and will provide inorret value for the onvolution. To overome this diulty, last 1/3 modes
of elds z±i (k) are set to zero (zero padding), and then FFTs are performed. This sheme is alled 2/3 rule. For
details refer to Canuto et al. [4℄.
4. Pressure is omputed by taking the dot produt of Navier-Stokes equation with k. Using inompressibility
ondition one obtains
p (k, t) =
ik
k2
· FT [u (x, t) · ∇u (x, t)] .
To ompute p(k) we use already omputed nonlinear term.
5. One the right-hand side of the Navier-Stokes equation ould be omputed, we ould time advane the equation
using one of the standard tehniques. The visous terms are advaned using an impliit method alled Crank-
Niholson's sheme. However, the nonlinear terms are advaned using Adam-Bashforth or Runge-Kutta sheme.
One uses either seond or third order sheme. Choie of dt is determined by CFL riteria (dt < (△x)/Urms).
By repeated appliation of time-advaning, we an reah the desired nal time.
6. When foring f = 0, the total energy gets dissipated due to visosity. This is alled deaying simulation. On
the ontrary, fored simulation have nonzero foring (f 6= 0), whih feed energy into the system, and the system
typially reahes a steady-state in several eddy turnover time. Foring in turbulent systems are typially at large-
sale eddies (shaking, stirring et.). Therefore, in fored turbulene f is typially applied at small wavenumbers,
whih ould feed kineti energy and kineti heliity.
Spetral method has several disadvantages as well. This method an not be easily applied to nonperiodi ows. That
is the reason why engineers hardly use spetral method. Note however that even in aperiodi ows with omplex
boundaries, the ows at small length-sale an be quite homogeneous, and an be simulated using spetral method.
Spetral simulations are very popular among physiists who try to probe universal features of small-sale turbulent
ows.
The numerial results on turbulent energy spetrum and uxes are desribed in many turbulene literature, e. g.,
Lesieur [29℄. In Setion 8 we desribe a numerial result on shell-to-shell energy transfer in 5123 simulation. In reent
times a tehnique alled large-eddy simulation (LES) has beome very popular. LES enables us to perform turbulene
simulations on smaller grids. In this paper we donot over this topi.
In the next three setions we will desribe the eld-theoreti alulation of renormalized visosity.
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VII. RENORMALIZATION GROUP ANALYSIS OF FLUID TURBULENCE
In Setion ?? we disussed various existing turbulene models. Here we will desribe some eld-theoreti alula-
tions.
Field theory is well developed, and has been applied to many areas of physis, e.g., Quantum Eletrodynamis,
Condensed Matter Physis et. In this theory, the equations are expanded perturbatively in terms of nonlinear term,
whih are onsidered small. In uid turbulene the nonlinear term is not small; the ratio of nonlinear to linear
(visous) term is Reynolds numbers, whih is large in turbulene regime. This problem appears in many areas of
physis inluding Quantum Chromodynamis (QCD), Strongly Correlated Systems, Quantum Gravity et., and is
largely unsolved. To overome the above diulty, some lever shemes have been adopted suh as Diret Interation
Approximation, Renormalization Groups (RG), Eddy-damped quasi-normal Markovian approximations, et. We
disuss some of them below. A simple-minded alulation of Green's funtion shows divergene at small wavenumbers
(infrared divergene). One way to solve this problem is by introduing an infrared uto for the integral. The reader
is referred to Leslie [30℄ for details. RG tehnique, to be desribed below, is a systemati proedure to ure this
problem.
A. Renormalization Groups in Turbulene
Renormalization Group Theory (RG) is a tehnique whih is applied to omplex problems involving many length
sales. Many researhers have applied RG to turbulene. Over the years, several dierent RG appliations for
turbulene has been disovered. Broadly speaking, they fall in three dierent ategories:
Yakhot-Orszag (YO) Perturbative approah
Yakhot and Orszag's [58℄ work, motivated by Forster et al. [12℄ and Fournier and Frish [14℄, is the rst ompre-
hensive appliation of RG to turbulene. It is based on Wilson's shell-elimination proedure. Also refer to Smith and
Woodru [44℄ for details. Here the renormalized parameter is funtion of foring noise spetrum D(k) = D0k
−y
. It
is shown that the loal Reynolds number λ¯ is
λ¯ =
λ20D0
ν3(Λ)Λǫ
,
where λ0 is the expansion parameter, Λ is the uto wavenumber, and ǫ = 4+y−d [58℄. It is found that ν(Λ) inreases
as Λ dereases, therefore, λ¯ remains small (may not be less that one though) ompared to Re as the wavenumber
shells are eliminated. Hene, the eetive expansion parameter is small even when the Reynolds number may be
large.
The RG analysis of Yakhot and Orszag [58℄ yielded Kolmogorov's onstant KKo = 1.617, turbulent Prandtl number
for high-Reynolds-number heat transfer Pt = 0.7179, Bathelor onstant Ba = 1.161 et. These numbers are quite
lose to the experimental results. Hene, Yakhot and Orszag's method appears to be highly suessful. However there
are several ritiisms to the YO sheme. Kolmogorov's spetrum results in the YO sheme for ǫ = 4, far away from
ǫ = 0, hene epsilon-expansion is questionable. YO proposed that higher order nonlinearities are irrelevant in the
RG sense for ǫ = 0, and are marginal when ǫ = 4. Eyink [11℄ objeted to this laim and demonstrated that the higher
order nonlinearities are marginal regardless of ǫ. Kraihnan [25℄ ompared YO's proedure with Kraihnan's Diret
Interation Approximation [23℄ and raised ertain objetions regarding distant-interation in YO sheme. For details
refer to Zhou and MComb [63℄ and Smith and Woodru [44℄.
Self-onsistent approah of MComb and Zhou
This is one of the nonperturbative method, whih is often used in Quantum Field theory. In this method, a self-
onsistent equation of the full propagator is written in terms of itself and the proper vertex part. The equation may
ontain many (possibly innite) terms, but it is trunated at some order. Then the equation is solved iteratively.
MComb [33℄, Zhou and oworkers [65℄ have applied this sheme to uid turbulene, and have alulated renormalized
visosity and Kolmogorov's onstant suessfully. Diret Interation Approximation of Kraihnan is quite similar to
self-onsistent theory (Smith and Woodru [44℄).
The diulty with this method is that it is not rigorous. In MComb and Zhou's proedures, the vertex orretion
is not taken into aount. Verma [49, 50, 51℄ has applied the self-onsistent theory to MHD turbulene.
20
Figure 3: The wavenumber shells to be averaged during renormalization proedure.
Callan-Symanzik Equation for Turbulene
DeDominiis and Martin [9℄ and Teodorovih [47℄ obtained the RG equation using funtional integral. Teodorovih
obtained KKo = 2.447, whih is in not in good agreement with the experimental data, though it is not too far away.
It has been shown that Wilson's shell-renormalization and RG through Callan-Symanzik equation are equivalent
proedure. However, areful omparison of RG shemes in turbulene is not ompletely worked out.
In the following disussion we will disuss MComb's RG sheme is some detail. The other shemes have been
disussed in great lengths in several books and review artiles. After renormalization, in Setion VIII we will disuss
the omputation of energy uxes. These alulations are done using self-onsistent eld theory, a sheme very similar
to DIA. At the end we will desribe Eddy-damped quasi-normal Markovian approximation, whih is very similar to
the energy ux alulation.
B. Physial Meaning of Renormalization in Turbulene
The eld theorists have been using renormalization tehniques sine 1940s. However, the physial meaning of renor-
malization beame lear after path-breaking work of Wilson [57℄. Here renormalization is a variation of parameters
as we go from one length sale to the next. Following Wilson, renormalized visosity and resistivity an also be
interpreted as sale-dependent parameters. We oarse-grain the physial spae and look for an eetive theory at
a larger sale. In this method, we sum up all the interations at smaller sales, and as a outome we obtain terms
that an be treated as a orretion to visosity and resistivity. The orreted visosity and resistivity are alled
eetive or renormalized dissipative parameters. This proedure of oarse graining is also alled shell elimination
in wavenumber spae. We arry on with this averaging proess till we reah inertial range. In the inertial range the
eetive or renormalized parameters follow a universal powerlaw, e. g., renormalized visosity ν(l) ∝ l4/3. This is
the renormalization proedure in turbulene. Note that the renormalized parameters are independent of mirosopi
visosity or resistivity.
In visosity renormalization the large wavenumber shells are eliminated, and the interation involving these shells
are summed. Hene, we move from larger wavenumbers to smaller wavenumbers. However, it is also possible to go
from smaller wavenumbers to larger wavenumber by summing the smaller wavenumber shells, e.g, for shear ows.
This proess is not oarse-graining, but it is a perfetly valid RG proedure, and is useful when the small wavenumber
modes (large length sales) are linear. This sheme is followed in Quantum Eletrodynamis (QED), where the
eletromagneti eld is negligible at a large distane (small wavenumbers) from a harge partile, while the eld
beomes nonzero at short distanes (large wavenumber). In QED, the harge of a partile gets renormalized when
we ome loser to the harge partile, i. e., from smaller wavenumbers to larger wavenumbers. See Fig. 3 for an
illustration of wavenumber shells to be averaged. In the following subsetion we will alulate renormalized visosity
using RG proedure.
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C. Renormalization of visosity using self-onsistent proedure
In this subsetion we ompute renormalized visosity using self-onsistent proedure. This work was done by
MComb and his group workers. The renormalization of visosity is performed from large wavenumber to smaller
wavenumbers.
MComb and his group workers took the following form of Kolmogorov's spetrum for kineti energy
E(k) = KKoΠ
2/3k−5/3, (69)
where KKo is Kolmogorov's onstant, and Π is the total energy ux. The inompressible uid equations in the Fourier
spae are
(−iω + νk2)ui (kˆ) = − i
2
P+ijm(k)
∫
pˆ+qˆ=kˆ
dpˆ [uj(pˆ)um(qˆ)] , (70)
where
P+ijm(k) = kjPim(k) + kmPij(k), (71)
Here ν is visosity, and d is the spae dimensionality.
In this RG proedure the wavenumber range (kN , k0) is divided logarithmially into N shells. The nth shell is
(kn, kn−1) where kn = h
nk0 (h < 1). In the following disussion, the elimination of the rst shell (k1, k0) is arried
out, and modied NS equation is obtained. Then one proeeds iteratively to eliminate higher shells and get a general
expression for the modied uid equation. The renormalization group proedure is as follows:
1. The the spetral spae is divided in two parts: 1. the shell (k1, k0) = k
>
, whih is to be eliminated; 2.
(kN , k1) = k
<
, set of modes to be retained. Note that ν(0) denote the visosity and resistivity before the
elimination of the rst shell.
2. Rewrite Eqs. (70) for k< and k>. The equations for u<i (kˆ) and b
<
i (kˆ) modes are
(−iω +Σ(0)(k))u<i (kˆ) = − i2P+ijm(k)
∫
dpˆ([u<j (pˆ)u
<
m(kˆ − pˆ)]
+2[u<j (pˆ)u
>
m(kˆ − pˆ)] + [u>j (pˆ)u>m(kˆ − pˆ)]) (72)
The Σs appearing in the equations are usually alled the self-energy in Quantum eld theory language. In the
rst iteration, Σ(0) = ν(0)k
2
. The equation for u>i (kˆ) modes an be obtained by interhanging < and > in the
above equations.
3. The terms given in the seond and third brakets in the Right-hand side of Eqs. (72) are alulated perturbatively.
Sine we are interested in the statistial properties of u utuations, we perform the usual ensemble average of
the system [58℄. It is assumed that u>(kˆ) has gaussian distributions with zero mean, while u(kˆ) is unaeted
by the averaging proess. Hene, 〈
u>i (kˆ)
〉
= 0 (73)〈
u<i (kˆ)
〉
= u<i (kˆ) (74)
and 〈
u>i (pˆ)u
>
j (qˆ)
〉
= Pij(p)C(pˆ)δ(pˆ+ qˆ) (75)
The triple order orrelations
〈
u>i (kˆ)u
>
j (pˆ)u
>
m(qˆ)
〉
are zero due to Gaussian nature of the utuations. Here, X
stands for u or b. In addition, we also neglet the ontribution from the triple nonlinearity
〈
u<(kˆ)u<j (pˆ)u
<
m(qˆ)
〉
,
as done in many of the turbulene RG alulations [33, 58℄. The eets of triple nonlinearity an be inluded
following the sheme of Zhou and Vahala [65℄.
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4. To the rst order, the seond braketed terms of Eqs. (72) vanish, but the nonvanishing third braketed terms
yield orretions to Σs. Refer to Appendix C for details. Eqs. (72) an now be approximated by
(−iω +Σ(0) + δΣ(0))u<i (kˆ) = − i2P+ijm(k)
∫
dpˆ[u<j (pˆ)u
<
m(kˆ − pˆ)] (76)
with
δΣuu(0)(k) =
1
(d− 1)
∫ ∆
pˆ+qˆ=kˆ
dpˆ[S(k, p, q)G(pˆ)C(qˆ)] (77)
where
S(k, p, q) = kp((d− 3)z + 2z3 + (d− 1)xy). (78)
The integral ∆ is to be done over the rst shell.
5. The frequeny dependene of the orrelation funtion is taken as: C(k, ω) = 2C(k)ℜ(G(k, ω)). In other words,
the relaxation time-sale of orrelation funtion is assumed to be the same as that of orresponding Green's
funtion. Sine we are interested in the large time-sale behaviour of turbulene, we take the limit ω going to
zero. Under these assumptions, the frequeny integration of the above equations yield
δν(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d
S(k, p, q)C(q)
ν(0)(p)p2 + ν(0)(q)q2
(79)
Note that ν(k) = Σuu(k)/k2 . There are some important points to remember in the above step. The frequeny
integral in the above is done using ontour integral. It an be shown that the integrals are nonzero only when
both the omponents appearing the denominator are of the same sign. For example, rst term of Eq. (79) is
nonzero only when both ν(0)(p) and ν(0)(q) are of the same sign.
6. Let us denote ν(1)(k) as the renormalized visosity after the rst step of wavenumber elimination. Hene,
ν(1)(k) = ν(0)(k) + δν(0)(k); (80)
We keep eliminating the shells one after the other by the above proedure. After n+ 1 iterations we obtain
ν(n+1)(k) = ν(n)(k) + δν(n)(k) (81)
where the equation for δν(n)(k) is the same as the Eqs. (79) exept that ν(0)(k) appearing in the equation is to
be replaed by ν(n)(k). Clearly ν(n+1)(k) is the renormalized visosity and resistivity after the elimination of
the (n+ 1)th shell.
7. We need to ompute δν(n) for various n. These omputations, however, require ν(n). In our sheme we solve
these equations iteratively. In Eqs. (79, ??) we substitute C(k) by one dimensional energy spetrum E(k)
C(k) =
2(2π)d
Sd(d− 1)k
−(d−1)E(k)
where Sd is the surfae area of d-dimensional spheres. We assume that E(k) follows Eqs. (69) . Regarding ν(n),
we attempt the following form of solution
ν(n)(knk
′) = (KKo)
1/2Π1/3k−4/3n ν
∗
(n)(k
′)
with k = kn+1k
′ (k′ < 1). We expet ν∗(n)(k
′) to be a universal funtions for large n. The substitution of
C(k), ν(n)(k) yields the following equations:
δν∗(n)(k
′) =
1
(d− 1)
∫
p'+q'=k'
dq′
2
(d− 1)Sd
Eu(q′)
q′d−1
[S(k′, p′, q′)
1
ν∗(n)(hp
′)p′2 + ν∗(n)(hq
′)q′2
] (82)
ν∗(n+1)(k
′) = h4/3ν∗(n)(hk
′) + h−4/3δν∗(n)(k
′) (83)
where the integrals in the above equations are performed iteratively over a region 1 ≤ p′, q′ ≤ 1/h with the
onstraint that p′ + q′ = k′. Fournier and Frish [13℄ showed the above volume integral in d dimension to be∫
p′+q′=k′
dp′ = Sd−1
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)d−3 , (84)
where α is the angle between vetors p′ and q′.
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Figure 4: Plot of ν∗(k′) vs. k′ for 2D and 3D uid turbulene. In 2D, ν∗ is negative.
Figure 5: The plot of asymptoti ν∗vs. d . For large d, the plot ts quite well with predited d−1/2 urve. Adopted from
Verma [50℄.
8. Now the above equations are solved self-onsistently with h = 0.7. This value is about middle of the range
(0.55-0.75) estimated to be the reasonable values of h by Zhou et al. [63℄. One starts with onstant value of ν∗(0),
and ompute the integrals using Gauss quadrature tehnique. One δν∗(0) has been omputed, ν
∗
(1) is omputed.
This proess is iterated till ν∗(m+1)(k
′) ≈ ν∗(m)(k′), that is, till they onverge. The result of our RG analysis is
given below.
MComb and oworkers [33, 36, 63℄ suessfully applied the above self-onsistent renormalization group theory to
2D and 3D uid turbulene. They found that ν∗(k′) onverges quite quikly. For 3D the value of ν∗(k′ → 0) is
approximately 0.38. See Fig. 4 for an illustration.
For 2D turbulene ν∗(k′) is negative as shown in Fig. 4. The funtion ν∗ is not very well behaved as k′ → 0. Still,
negative renormalized visosity is onsistent with negative eddy visosity obtained using Test Field Model [24℄ and
EDQNM alulations [42℄. We estimate ν∗ ≈ −0.60 .
For large d , ν∗ = η∗, and it dereases as d−1/2 (see Fig. 5); ν∗ for pure uid turbulene also dereases as d−1/2, as
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shown in the same gure. This is evident from Eqs. (82) [15℄. For large d
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)d−3 ... ∼ d−1/2, (85)
Sd−1
(d− 1)2 Sd
∼ 1
d2
(
d
2π
)1/2
,
S,−S6,−S8, S9(k′, p′, q′) = kpd(z + xy), (86)
whih leads to
ν∗δν∗ ∝ 1
d2
(
d
2π
)1/2
d−1/2d
hene ν∗ ∝ d−1/2.
In onlusion the above RG proedure shows that
E(k) = KKoΠ
2/3k−5/3, (87)
ν(k = knk
′) = K
1/2
KoΠ
1/3k−4/3n ν
∗(k′), (88)
is a onsistent solution of renormalization group equation. Here, KKo is Kolmogorov's onstant, Π is the energy ux,
and ν∗(k′) is a universal funtion that is a onstant as k′ → 0.
1. Helial turbulene
Helial turbulene is dened for spae dimension d = 3. We an extend the above the RG analysis to helial
turbulene (Zhou [61℄). All the steps are the same exept Eqs. (75) are replaed by
〈
u>i (pˆ)u
>
j (qˆ)
〉
=
[
Pij(p)C
uu(pˆ)− iǫijl pl
p2
HK(pˆ)
]
(2π)4δ(pˆ+ qˆ) (89)
Beause of heliities, the equation for hange in renormalized self-energy (79) gets altered to
δν(0)(k) =
1
(d− 1)k2
∫ ∆
p+q=k
dp
(2π)d
[
S(k, p, q)Cuu(q) + S′(k, p, q)HK(q)
ν(0)(p)p2 + ν(0)(q)q2
where S′i dened below an be shown to be zero.
S′(k, p, q) = P+bjm(k)P
+
mab(p)ǫjalql = 0,
The argument for vanishing of S′ is follows. Sine δν is a proper salar, and HK is a pseudo salar, S
′(k, p, q) will
be also be a pseudo salar. In addition, S′(k, p, q) are also linear in k, p and q. This implies that S′i(k, p, q) must
be proportional to q · (k × p), whih will be zero beause k = p + q. Hene S′(k, p, q) turn out to be zero. Hene,
heliities do not alter the already alulated δ(ν)(n)(k) in the earlier setion.
In uid turbulene, there are some other interesting variations of eld-theoreti alulations by DeDominiis and
Martin [9℄, Bhattaharjee [2℄, Carati [5℄ and others.
In the next setion we will ompute energy uxes for uid turbulene using eld-theoreti tehniques.
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VIII. FIELD-THEORETIC CALCULATION OF ENERGY FLUXES AND SHELL-TO-SHELL ENERGY
TRANSFER
In this setion we present alulation of energy ux using eld-theoreti method. We assume the turbulene to be
homogeneous and isotropi. Even though the real-world turbulene do not satisfy these properties, many onlusions
drawn using these assumption provide us with important insights into the energy transfer mehanisms at small sales.
The eld-theoreti proedure requires Fourier spae integrations of funtions involving produts of energy spetrum
and the Greens funtions. Sine there is a general agreement on Kolmogorov-like spetrum for uid turbulene,
E(k) ∝ k−5/3 is taken for the energy spetrum. For the Greens funtion, we substitute the renormalized or
dressed Greens funtion omputed in the previous setion [50℄ (see Setion VIIC).
A. Calulation of Energy Flux
As desribed in Setion III the energy ux from a wavenumber sphere of radius k0 to the outside of the sphere of
the same radius is
Π(k0) =
1
(2π)dδ(k′ + p+ q)
∫
k′>k0
dk′
(2π)d
∫
p<k0
dp
(2π)d
〈Suu(k′|p|q)〉 (90)
We assume that the kineti energy is fored at small wavenumbers.
We analytially alulate the above energy uxes in the inertial range to leading order in perturbation series. It was
assumed that u(k) is quasi-gaussian as in EDQNM approximation. Under this approximation, the triple orrelation
〈XXX〉 is zero to zeroth order, but nonzero to rst oder. To rst order 〈XXX〉 is written in terms of 〈XXXX〉,
whih is replaed by its Gaussian value, a sum of produts of seond-order moment. Consequently, the ensemble
average of S, 〈S〉, is zero to the zeroth order, but is nonzero to the rst order. The rst order terms for 〈S(k|p|q)〉
in terms of Feynman diagrams are given in Appendix C. They are given below in terms of Green's funtions and
orrelation funtions:
〈S(k|p|q)〉 =
∫ t
−∞
dt′(2π)d[T1(k, p, q)G(k, t− t′)C(p, t, t′)C(q, t, t′)
+T2(k, p, q)G(p, t− t′)C(k, t, t′)C(q, t, t′)
+T3(k, p, q)G(q, t− t′)C(k, t, t′)C(p, t, t′)]δ(k′ + p+ q) (91)
where Ti(k, p, q) are funtions of wavevetors k, p, and q given in Appendix B.
The Greens funtions an be written in terms of eetive or renormalized visosity ν(k) and resistivity η(k)
omputed in Setion VII
G(k, t− t′) = θ(t− t′) exp (−ν(k)k2(t− t′))
The relaxation time for C(k, t, t′) is assumed to be the same as that of G(k, t, t′). Therefore the time dependene of
the unequal-time orrelation funtions will be
Cuu(k, t, t′) = θ(t− t′) exp (−ν(k)k2(t− t′))Cuu,bb(k, t, t)
The above forms of Green's and orrelation funtions are substituted in the expression of 〈S〉, and the t′ integral is
performed. Now Eq. (90) yields the following ux formula for Π(k0):
Π(k0) =
∫
k>k0
dk
(2π)d
∫
p<k0
dk
(2π)d
1
ν(k)k2 + ν(p)p2 + ν(q)q2
× [T1(k, p, q)Cuu(p)Cuu(q)
+T2(k, p, q)C
uu(k)Cuu(q) + T3(k, p, q)C
uu(k)Cuu(p)]. (92)
The expressions for the other uxes an be obtained similarly.
The equal-time orrelation funtion C(k, t, t) at the steady-state an be written in terms of one dimensional energy
spetrum as
C(k, t, t) =
2(2π)d
Sd(d− 1)k
−(d−1)E(k),
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where Sd is the surfae area of d-dimensional unit spheres. We are interested in the uxes in the inertial range. There-
fore, we substitute Kolmogorov's spetrum [Eqs.(69)℄ for the energy spetrum. The eetive visosity is proportional
to k−4/3, i.e.,
ν(k) = (Ku)1/2Π1/3k−4/3ν∗, (93)
and the parameter ν∗ was alulated in Setion VII.
We nondimensionalize Eq. (92) by substituting [30℄
k =
k0
u
; p =
k0
u
v; q =
k0
u
w. (94)
Appliation of Eq. (84) yields
Π = (KKo)
3/2Π
[
4Sd−1
(d− 1)2Sd
∫ 1
0
dv ln (1/v)
∫ 1+v
1−v
dw(vw)d−2(sinα)d−3F (v, w)
]
, (95)
where the integral F (v, w) are
F =
1
ν∗(1 + v2/3 + w2/3)
[t1(v, w)(vw)
−d− 2
3 + t2(v, w)w
−d− 2
3 + t3(v, w)v
−d− 2
3 ], (96)
Here ti(v, w) = Ti(k, kv, kw)/k
2
. Note that the energy uxes are onstant, onsistent with the Kolmogorov's piture.
We ompute the braketed term (denoted by I) numerially using Gaussian-quadrature method, and found it to be
onvergent. Using I the onstant KKo an be alulated as
KKo = (I)
−2/3. (97)
For 3D turbulene, the value of onstant KKo omputed using Eqs. (95, 97) is 1.58. This number is very good
agreement with numerial and experimental estimate of Kolmogorov's onstant. For 2D turbulene, we substitute
ν∗ = −0.60 in the above equations. The omputation yields K2DKo ≈ 6.3.
For large d
∫
dp′dq′
(
p′q′
k′
)d−2
(sinα)
d−3
... ∼ d−1/2, (98)
Sd−1
(d− 1)2 Sd
∼ 1
d2
(
d
2π
)1/2
,
ν∗ = η∗ ∼ d−1/2 (99)
t1 = −t2 = kpd(z + xy), (100)
and t3 = 0. Using Eq. (100) and by mathing the dimensions, it an be shown that K ∝ d−1/3. This result is due to
Fournier et al. [13℄.
All the above onlusions are for large Reynolds number or ν → 0 limit. The behaviour of Navier-Stokes equation
for visosity ν = 0 (invisid) is very dierent, and has been analyzed using absolute equilibrium theory (see Setion
IVB). It an be shown using this theory that under steady state, energy is equipartitioned among all the modes,
hene C(k) = const [39℄. Using this result we an ompute mode-to-mode energy transfer rates 〈Suu(k|p|q)〉 to rst
order in perturbation theory (Eq. [91℄), whih yields
〈Suu(k|p|q)〉 ∝
∫
(T1(k, p, q) + T5(k, p, q) + T9(k, p, q))Const
ν(k)k2 + ν(p)p2 + ν(q)q2
= 0
beause T1(k, p, q) +T5(k, p, q) +T9(k, p, q) = 0. Hene, under steady-state, their is no energy transfer among Fourier
modes in invisid Navier-Stokes. In other words priniple of detailed balane holds here. Note that the above result
holds for all spae dimensions. Contrast this result with the turbulene situation when energy preferentially gets
transferred from smaller wavenumber to larger wavenumber. This example ontrasts equilibrium and nonequilibrium
systems.
After ompleting the disussion on energy uxes for uid turbulene, we now move on to theoretial omputation
of shell-to-shell energy transfer.
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B. Field-theoreti Calulation of Shell-to-shell Energy Transfer
Energy transfers between wavenumber shells provide us with important insights into the dynamis of turbulene.
Kolmogorov's uid turbulene model is based on loal energy transfer between wavenumber shells. There are several
quantitative theories in uid turbulene about the amount of energy transfer between neighbouring wavenumber
shells. For examples, Kraihnan [24℄ showed that 35% of the energy transfer omes from wavenumber triads where
the smallest wave-number is greater than one-half of the middle wavenumber.
In this subsetion we will ompute the shell-to-shell energy transfer in turbulene using eld-theoreti method [55℄.
The proedure is idential to the one desribed for energy uxes. Reall that the energy transfer rates from the m-th
shell to the n-th shell is
Tnm =
∑
k′∈n
∑
p∈m
Suu(k′|p|q). (101)
The p-sum is over m-th shell, and the k′-sum is over n-th shell (Setion III). The terms of S's are the same as in ux
alulation, however, the limits of the integrals are dierent. The shells are binned logarithmially with n-th shell
being (k0s
n−1, k0s
n). We nondimensionalize the equations using the transformation [30℄
k =
a
u
; p =
a
u
v; q =
a
u
w, (102)
where a = k0s
n−1
. The resulting equation is
Tnm
Π
= K
3/2
Ko
4Sd−1
(d− 1)2Sd
∫ 1
s−1
du
u
∫ usm−n+1
usm−n
dv
∫ 1+v
|1−v|
dw (vw)d−2 (sinα)d−3 F (v, w), (103)
whereF (v, w) was omputed in the previous setion. The renormalized parameters ν∗, and Kolmogorov's onstant
KKo required to ompute Tnm/Π are taken from the previous alulations. From Eq. (103) we an draw the following
inferenes:
1. The shell-to-shell energy transfer rate is a funtion of n−m, that is, Φnm = Φ(n−i)(m−i). Hene, the turbulent
energy transfer rates in the inertial range are all self-similar. Of ourse, this is true only in the inertial range.
2. Tnn/Π = 0.
We ompute the integral of Eq. (103) and substitute the value of KKo, whih yields Tnm. The plots of Tnmfor 2D
and 3D uids are shown in Fig. 6. In 3D the energy transfer is forward and loal. In 2D however the energy transfer
is forward for the nearest neighbours, but it is bakward for fourth neighbour onward; these bakward transfers are
one of the major fators in the inverse asade of energy [56℄. The sum of all these transfers is negative energy ux,
onsistent with the inverse asade result of Kraihnan [24℄. For details refer to Verma et al. [56℄.
Verma et al. [56℄ omputed the shell-to-shell energy transfer in 3D uid turbulene using numerial simulations.
Their result is shown in Fig. 7. Comparison of Fig. 6 and Fig. 7 shows that theoretial and numerial omputation
of shell-to-shell energy transfer are onsistent with eah other.
Inompressible uid turbulene is nonloal in real spae due to inompressibility ondition. Field-theoreti al-
ulation also reveals that mode-to-mode transfer S(k|p|q) is large when p ≪ k, but small for k ∼ p ∼ q, hene
Navier-Stokes equation is nonloal in Fourier spae too. However, in 3D shell-to-shell energy transfer rate Tnm is
forward and most signiant to the next-neighbouring shell. Hene, shell-to-shell energy transfer rate is loal even
though the interations appear to be nonloal in both real and Fourier spae. Refer to Zhou [62℄, Domaradzki and
Rogallo [10℄, Verma et al. [56℄, and Verma [54℄.
With this we onlude our disussion on shell-to-shell energy transfer in uid transfer.
C. EDQNM Calulation of Fluid Turbulene
Eddy-damped quasi-normal Markovian (EDQNM) alulation of turbulene is very similar to the eld-theoreti
alulation of energy evolution. This sheme was rst invented by Orszag [39℄ for Fluid turbulene.
The Navier-Stokes equation is symbolially written as(
d
dt
+ ζk2
)
X(k, t) =
∑
p+q=k
X(p, t)X(q, t),
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Figure 6: Plots of shell-to-shell energy transfer rates Tnm/Π vs. n−m for 3D and 2D uid turbulene.
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Figure 7: Plot of normalized shell-to-shell energy transfer Tnm/Π vs. n−m for d = 3obtained from numerial simulations on
5123DNS. The nth shell is (k0s
n : k0s
n+1) with s = 21/4.The energy transfer is maximum for n = m ± 1, hene the energy
transfer is loal and self-similar. The energy transfer is also forward. Taken from Verma et al. [56℄.
where X stands for the eld u, X(p, t)X(q, t) represents all the nonlinear terms, and ζ is the dissipation oeient
(ν). The evolution of seond and third moment would be
(
d
dt
+ 2ζk2
)
〈X(k, t)X(−k, t)〉 =
∑
p+q=k
〈X(−k, t)X(p, t)X(q, t)〉 (104)
(
d
dt
+ ζ(k2 + p2 + q2)
)
〈X(−k, t)X(p, t)X(q, t)〉 =
∑
p+q+r+s=0
〈X(q, t)X(p, t)X(r, t)X(s, t)〉
If X were Gaussian, third-order moment would vanish. However, quasi-normal approximation gives nonzero triple
orrelation; here we replae 〈XXXX〉 by its Gaussian value, whih is a sum of produts of seond-order moments.
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Hene,
〈X(−k, t)X(p, t)X(q, t)〉 =
∫ t
0
dτ exp−ζ(k2 + p2 + q2)(t− τ)
∑
p+q=k
[〈X(q, τ)X(−q, τ)〉 〈X(p, τ)X(p, τ)〉+ ...],
where ... refers to other produts of seond-order moments. The substitution of the above in Eq. (104) yields a losed
form equation for seond-order orrelation funtions. Orszag [39℄ disovered that the solution of the above equation
was plagued by problems like negative energy. To ure this problem, a suitable linear relaxation operator of the
triple orrelation (denoted by µ) was introdued (Eddy-damped approximation). In addition, it was assumed that the
harateristi evolution time of 〈XX〉 〈XX〉 is larger than (µkpq + ν(k2 + p2 + q2))−1(Markovian approximation). As
a result the following form of energy evolution equation is obtained(
d
dt
+ 2ζk2
)
〈X(k, t)X(−k, t)〉 =
∫
dpθkpq(t)
∑
p+q=k
[〈X(q, t)X(−q, t〉 〈X(p, t)X(−p, t〉+ ...], (105)
where
θkpq(t) = (1− exp−(µk + µp + µq)t) / (µk + µp + µq)
with
µk = (ν + η) k
2 + Cs
(∫ k
0
dq (Eu(q)) q2
)1/2
. (106)
The rst and seond terms represent visous and nonlinear eddy-distortion rates respetively. Note that homogeneity
and isotropy are assumed in EDQNM analysis too.
The right-hand side of Eq. (105) is very similar to the perturbative expansion of Suu(k|p|q) (under t → ∞). The
term µk of Eq. (106) is nothing but the renormalized dissipative parameters. Thus, eld-theoreti tehniques for
turbulene is quite similar to EDQNM alulation. There is a bit of dierene however. In eld-theory, we typially
ompute asymptoti energy uxes in the inertial range. On the ontrary, energy is numerially evolved in EDQNM
alulations.
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IX. INTERMITTENCY IN FLUID TURBULENCE
The famous Kolmogorov's turbulene model assumes a onstant energy ux or dissipation rate at all sales, i. e.,
Π(k) ∼ ∫ dkν(k)k2E(k) is independent of k. The renormalized visosity ν(k) ∼ k−4/3 and E(k) ∼ k−5/3 are onsistent
with the above assumption. Landau however [28℄ pointed out that the dissipation rate, whih is proportional to the
square of vortiity, is singular and quite inhomogeneous. Thus Kolmogorov's theory of turbulene needs modiation.
The above phenomena in whih strong dissipation is loalized both in time and spae is alled intermitteny.
A. Quantitative Measures of Intermitteny
There are several quantitative measures of intermitteny. Consider the inrement of the veloity, or some other
eld, between two points separated by l,
δu(x, l) = u(x+ l)− u(x). (107)
The longitudinal omponent of δu(x, l) will be given by
δu||(l) = δu(x, l).l/l, (108)
and the transverse omponent is δu⊥(l) = δu(x, l) − δu||(l)l/l. Here we have assumed homogeneity and isotropy for
turbulene, so that the inrement in veloities depend only on l, not on x. Now we dene longitudinal and transverse
struture funtions using
S(n)(l) =
〈[
δu||(l)
]n〉
, U (n)(l) = 〈[δu⊥(l)]n〉 (109)
respetively. The struture funtion S(n)(l) is expeted to have a power law behaviour for l in the inertial range,
S(n)(l) = anl
ζn , (110)
where an and ζn are universal numbers. The exponents ζn are alled the intermitteny exponent.
Moments and probability density funtion (pdf) are equivalent desription of random variables. Note that if
P (δu||(l)) were gaussian, i. e.,
P (δu||(l)) =
1
σr
√
π
exp− (δu||(l))
2
σ2r
(111)
then, it is easy to verify that 〈
(δu||(l))
n
〉 ∝ σnr . (112)
Kolmogorov's model of turbulene predits that
σr ∼ ǫ1/3l1/3, (113)
For onstant ǫ, we obtain
S(n)(l) ∝ ǫn/3ln/3. (114)
Systems with gaussian probability distribution or equivalently S(n)(l) ∝ lcn (c = onstant) are alled non-intermittent
system. For intermittent systems, the tails of pdf deays slower that gaussian, and ould follow a powerlaw.
Struture funtion an be written in terms of loal dissipation rate [38℄
δul ∼ ǫ1/3l l1/3. (115)
Kolmogorov [22℄ introdued the rened similarity hypothesis relating struture funtion to ǫl as
S
(n)
|| (l) = dn
〈
ǫ
n/3
l
〉
ln/3. (116)
If
〈ǫnl 〉 ∼ lµn , (117)
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then
ζn =
n
3
+ µn/3. (118)
Many researhers have attempted to model ǫl.
In any numerial simulation or experiment, the powerlaw range is quite limited. However, when we plot S(n)(l)
vs. S(3)(l), we obtain a muh larger saling range. This phenomena is alled Extended self-similarity (ESS). Sine,
S(3)(l) ∝ l [21℄, ζn measured using Eq. (110) or ESS are expeted to be the same.
There have been some ingenious attempts to theoretially ompute the intermitteny exponents (e.g., see series
of papers by L'vov and Proaia [31℄). Yet, this problem is unsolved. Here we list some of the phenomenologial
models. For extensive disussions on intermitteny refer to Frish [17℄.
B. Results on Intermitteny in Fluid Turbulene
In uid turbulene, the pdf of veloity inrement deviates from gaussian [17℄. In experiments and simulations one
nds that ζn vs. n is a nonlinear funtion of n. Hene, uid turbulene shows intermitteny. Note that ζ2 ≈ 0.71,
whih yields a orretion of approximately 0.04 to Kolmogorov's spetral index of 5/3. However, the orretion for
large n is muh more. See Frish [17℄ for further details.
Remarkably, starting from Navier-Stokes equation, Kolmogorov [21℄ obtained an exat relation
S
(3)
|| (l) = −
4
5
ǫl (119)
under ν → 0 limit (also see [17, 28℄). Note that ǫ is the mean dissipation rate. Unfortunately, similar relationship
ould not be derived for other struture funtions. In the following disussion we will disuss some of the prominent
intermitteny models for uid turbulene.
1. Kolmogorov's log-normal model
Obukhov [38℄ and Kolmogorov [22℄ laimed that the dissipation rate in turbulent uid is log-normal. As a
onsequene,
ζn =
n
3
− µn(n− 3)
18
, (120)
where
〈ǫ(x)ǫ(x + l)〉 ∼ l−µ. (121)
Numerial simulations and experiments give µ ≈ 0.2.
The preditions of this model agree well with the experimental results up to n ≈ 10, but fails for higher values of
n. In Fig. 8 we have plotted the above ζn along with other model preditions given below.
2. The β−model
Novikov and Stewart [37℄ and Frish et al. [16℄ proposed that smaller sales in turbulent uid is less spae lling.
In eah step of the asade an eddy δun of sale ln splits into 2
Dβ eddies of sale ln+1 = ln/2, where D is the spae
dimensionality, and β is a xed parameter with 0 < β ≤ 1. In this model
ζn =
n
3
− δ
3
(n− 3), (122)
where β = 2−δ.
Note that ζn is linear in n, and it does not math with experimental and numerial data for large n (see Fig. 8).
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Figure 8: Plots of ζnvs. n for various intermitteny models in uids and MHD. She-Leveque's log-Poission model ts best
with the experimental data in both uid and MHD. For MHD turbulene, Kolmogorov-like models are in better agreement
than KID's like model.
3. The Multifratal Models
Parisi and Frish [40℄ developed a multifratal model of turbulene. Maneveau and Sreenivasan [32℄ onstruted an
intuitive model. Here the energy asade rate ǫl is not distributed equally into smaller eddies, say, in eah asade
it gets divided into pǫl and (1 − p)ǫl. After several asades, one nds that energy distribution is very skewed or
intermittent. The intermitteny exponent in this model is
ζn =
(n
3
− 1
)
Dn + 1, (123)
with
Dn = log2 (p
n + (1 − p)n)1/(1−n) . (124)
For p near 0.7, ζn ts quite well with the experimental data. The deieny of this model is that it requires an
adjustable parameter p. For more detailed disussion, refer to Stolovitzky and Sreenivasan[45℄.
4. The Log-Poisson Model
She and Leveque [43℄ proposed a model involving a hierarhy of utuating strutures assoiated with the vortex
lament. In their model
ζn =
n
3
(1− x) + C0
(
1− βn/3
)
(125)
where C0 is o-dimension of the dissipative eddies, and x and β are parameters onneted by
C0 =
x
1− β (126)
For Kolmogorov saling, x = β = 2/3. In hydrodynami turbulene, the dissipative eddies are vortex laments, i.e.,
one-dimensional strutures. Therefore, the o-dimension is C0 = 2. Hene, for uid turbulene
ζSLn =
n
9
+ 2
[
1−
(
2
3
)n/3]
. (127)
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The above predition ts remarkably well with experimental results. All the above funtions have been plotted in
Fig. 8 for omparison.
X. CONCLUSION
In this paper we review some of the important results in statistial theory of uid turbulene. The fous was on
eld-theoreti tehniques applied to uid turbulene.
Many urrent topis of interest have not been inluded in the paper. Some of them are intermitteny, large eddy
simulations, ompressible turbulene et.
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Appendix A: FOURIER SERIES VS. FOURIER TRANSFORM FOR TURBULENT FLOWS
In statistial theory turbulene we typially assume the ow eld to be homogeneous. Therefore, Fourier transform
is not appliable to these ows in strit sense. However, we an dene these quantities by taking limits arefully. This
issue has been disussed by Bathelor [1℄ and MComb [33℄. We briey disuss them here beause they form the basis
of the whole paper.
A periodi funtion u(x) in box Ld an be expanded using Fourier series as following:
u (x) =
∑
uˆ (k) exp (ik · x) , (A1)
uˆ(k) =
1
Ld
∫
dxu (x) exp (−ik · x) , (A2)
where d is the spae dimensionality. When we take the limit L → ∞, we obtain Fourier transform. Using u(k) =
uˆ(k)Ld, it an be easily shown that
u (x) =
∫
dk
(2π)d
u (k) exp (ik · x) , (A3)
u(k) =
∫
dxu (x) exp (−ik · x) , (A4)
with integrals performed over the whole spae. Note however that Fourier transform (integral onverges) makes sense
when u(x) vanishes as |x| → ∞, whih is not the ase for homogeneous ows. However, orrelations dened below
are sensible quantities. Using the above equations, we nd that
〈ui(k)uj(k′)〉 =
∫
dxdx′ 〈ui(x)uj(x′)〉 exp−i(k ˙·x+ k′ · x′)
=
∫
drCij(r) exp−ik · r
∫
dx exp−i(k ˙+k′) · x
= Cij(k)(2π)
dδ(k+ k′) (A5)
We have used the fat that δ(k) ≈ Ld/(2π)d. The above equation holds the key. In experiments we measure orrelation
funtion C(r) whih is nite and deays with inreasing r, hene spetra C(k) is well dened. Now energy spetrum
as well as total energy an be written in terms of C(k) as the following:
〈
u2
〉
=
1
Ld
∫
dxu2 =
∑
k
|uˆ(k)|2 = 1
Ld
∫
dk
(2π)d
〈
|u(k)|2
〉
= (d− 1)
∫
dk
(2π)d
C(k) (A6)
We have used the fat that δ(k) ≈ Ld/(2π)d. Note that
〈
|u(k)|2
〉
= (d− 1)C(k)Ld [see Eq. (A5)℄ is not well dened
in the limit L→∞.
In onlusion, the measurable quantity in homogeneous turbulene is the orrelation funtion, whih is nite and
deays for large r. Therefore, energy spetra et. are well dened objets in terms of Fourier transforms of orrelation
funtions.
We hoose a nite box, typially (2π)d, in spetral simulations for uid ows. For these problems we express the
equations (inompressible MHD) in terms of Fourier series. We write them below for referene.(
∂
∂t
+ νk2
)
uˆi(k, t) = −ikipˆtot (k, t)− ikj
∑
[uˆj(q, t)uˆi(p, t)] (A7)
The energy spetrum an be omputed using uˆi(k, t):∫
E(k)dk =
∑
|uˆ(k)|2 /2 =
∫
dn |uˆ(k)|2 /2 =
∫
dk |uˆ(k)|2 /2 (A8)
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where n is the lattie vetor in d-dimensional spae. The above equation implies that
E(k) =
|uˆ(k)|2
2
Sdk
d−1. (A9)
A natural question is why the results of numerial simulations or experiments done in a nite volume should
math with those obtained for innite volume. The answer is straight forward. When we go from size 2π to L, the
wavenumbers should be saled by (2π)/L. The veloity and frequeny should be should be saled by (2π)/L and
[(2π)/L]2 to keep dimensionless ν xed. The evolution of the two systems will be idential apart from the above
fators. Hene, numerial simulations in a box of size 2π an apture the behaviour of a system with L → ∞, for
whih Fourier transform in dened.
Appendix B: PERTURBATIVE CALCULATION OF NAVIER STOKES EQUATION
The Navier Stokes an be written as
ui(kˆ) = G(kˆ)− i
2
P+ijm(k)
∫
dpˆ[uj(pˆ)um(kˆ − pˆ)] (B1)
where the Greens funtion G an be written as
G−1(k, ω) = −iω − Σuu (B2)
We solve the above equation perturbatively keeping the terms upto the rst nonvanishing order. The orresponding
Feynmann diagram is

=

(B3)
The solid line represents elds u, and the wiggly line (photon) denotes G. The lled irle denotes −(i/2)P+ijm
vertex. These diagrams appear in renormalization alulations as well as in energy ux alulations.
1. Visosity Renormalization
The expansion of u in terms of Feynman diagrams are given below:
Iu =

+

+

(B4)
Fator of 2 appears in Iu beause of <> symmetry in the orresponding term. To zeroth order, the terms with <>
are zero beause of quasi-gaussian nature of > modes. To the next order in perturbation, the third term of Iu is
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
+higer oder diagrams (B5)
In the above diagrams solid lines denote < u(k)u(k′) >. As mentioned earlier, the wiggly line denotes Green's
funtions. All the diagrams exept 4,8,12, and 16th an be shown to be trivially zero using Eqs. (73,74). We assume
that 4,8,12, and 16th diagrams are also zero, as usually done in turbulene RG alulations [33, 58, 64, 65℄. Hene,
the term is zero. Now we are left with >> terms (3rd term of Iu), whih is
Iu3 =

= −δΣ(k)

(B6)
where
− (d− 1)δΣ =

(B7)
In the above equation we have omitted all the vanishing diagrams (similar to those appearing in Eq. [B5℄). These
terms ontribute to Σs.
The algebrai expressions for the above diagrams are given in Setion VII. For isotropi ows, the algebrai fators
S(k, p, q) resulting from tensor ontrations are given below.
S(k, p, q) = P+bjm(k)P
+
mab(p)Pja(q) = kp
(
(d− 3)z + 2z3 + (d− 1)xy) (B8)
In the next subsetion we will derive the terms for mode-to-mode energy transfer funtion.
2. Mode-to-Mode Energy Transfer in uid Turbulene
In Setion 3, we studied the mode-to-mode energy transfer Suu(k′|p|q) from mode p to mode k', with mode q
ating as a mediator. The perturbative alulation of S involves the following terms
〈Suu(k′|p|q)〉 =

+

+

(B9)
In all the diagrams, the left vertex denotes ki, while the lled irle of the right vertex represent (−i/2)P+ijm. For
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isotropi nonhelial ows, the algebrai fators are given below. The fators for the diagrams are T1, T2, T3 in sequential
order.
T1(k, p, q) = kiP
+
jab(k)Pja(p)Pib(q) = kp
(
(d− 3)z + (d− 2)xy + 2z3 + 2xyz2 + x2z) (B10)
T3(k, p, q) = −kiP+jab(p)Pja(k)Pib(q) = −kp
(
(d− 3)z + (d− 2)xy + 2z3 + 2xyz2 + y2z) (B11)
T3(k, p, q) = −kiP+iab(q)Pja(k)Pjb(p) = −kq
(
xz − 2xy2z − yz2) (B12)
(B13)
These terms are similar to those given in Leslie [30℄.
Appendix C: MODE-TO-MODE ENERGY TRANSFER IN SCALAR TURBULENCE
The equations for passive salar turbulene are
∂u
∂t
+ (u · ∇)u = −∇p+ ν∇2u, (C1)
∂θ
∂t
+ (u · ∇)θ = κ∇2θ, (C2)
∇ · u = 0, (C3)
where θ is the salar density. Note that the salar is onveted by veloity eld, but the salar does not aet the
ow. For details refer to Lesieur [30℄ and Stanisi¢ [46℄.
For energy transfer in salar eld, we an follow the same proedure as in uid turbulene. If we take only a single
triad (k′,p,q) with k′ + p+ q = 0, energy is onserved for κ = 0. Following uid turbulene, we an show that the
energy equation for salar turbulene an be written in terms of 'mode-to-mode energy transfer' Sθθ(k′|p|q) from
mode θ(p) to θ(k′) with θ(q),u(q) as a mediator, whih is
Sθθ(k′|p|q) = −ℑ ([k′.u(q)] [θ(k′)θ(p)]) (C4)
where ℑ stands for the imaginary part of the argument. The energy equation for salar eld is(
∂
∂t
+ 2κk2
)
Cθ(k) = [Sθθ(k′|p|q) + Sθθ(k′|q|p)] (C5)
Note that there is no ross-transfer between u and ψ energy. It is also important to note that both Cu and Cψ are
onserved in every triad interation, i.e.,
Suu(k′|p|q) + Suu(k′|q|p) + Suu(p|k′|q) + Suu(p|q|k′) + Suu(q|k′|p) + Suu(q|p|k′) = 0 (C6)
Sψψ(k′|p|q) + Sψψ(k′|q|p) + Sψψ(p|k′|q) + Sψψ(p|q|k′) + Sψψ(q|k′|p) + Sψψ(q|p|k′) = 0 (C7)
These are the statements of detailed onservation of energy in triad interation (when ν = κ = 0) [30℄.
The energy ux Πψ from a wavenumber sphere of radius k0 is [7℄
Πψ(k0) =
∫
k′>k0
dk′
(2π)d
∫
p<k0
dp
(2π)d
〈
Sψψ(k′|p|q)〉 (C8)
Appendix D: MODE-TO-MODE ENERGY TRANSFERS IN RAYLEIGH BÉNARD CONVECTION
One of the most studied model of onvetion is Rayleigh Bénard (RB) Convetion. In this model the uid on-
ned between two parellel plates is heated from below. Constant temperature is maintained aross these plates.
Nondimensionalized equations for RB model are
∂u
∂t
+ (u · ∇)u = −∇σ +RPθzˆ+ P∇2u, (D1)
∂θ
∂t
+ (u · ∇)θ = u3 +∇2θ, (D2)
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where the nondimensinal parameters R and P = ν/κ are Rayleigh and Prandtl numbers respetively. The uid is
assumed to inompressible exept for the buoyany term.
We an apply 'mode-to-mode energy transfer' model to RB onvetion. The above hydrodynamial equations in
Fourier spae are
∂ui(k)
∂t
= −ikiσk− ikj
∑
p+q=k
uj(q)ui(p) +RPθ(k)δi3 − Pk2ui(k) (D3)
∂θ(k)
∂t
= u3(k)− ikj
∑
p+q=k
uj(q)θ(p) − k2θ(k), (D4)
kiui(k) = 0, (D5)
where k = p+ q. We an derive interesting results by foussing on a single triad (k′,p,q) suh that k′ + p+ q = 0.
Clearly k′ = −k. We an easily derive the following energy equations:
∂
∂t
|u(k)|2
2
= Suu(k′|p|q) + Suu(k′|q|p) +RPℜ [θ(k)u3(k′)]− 2Pk2 |u(k)|
2
2
, (D6)
∂
∂t
|θ(k)|2
2
= Sθθ(k′|p|q) + Sθθ(k′|q|p) + ℜ [θ(k)u3(k′)]− 2k2 |θ(k)|
2
2
, (D7)
where
Suu(k′|p|q) = −ℑ ([k′ · u(q)] [u(k′) · u(q)]) , (D8)
Sθθ(k′|p|q) = −ℑ ([k′ · u(q)] [θ(k′) · θ(q)]) . (D9)
Here ℜ and ℑ represents the real and imaginary part of the argument. The quantity Sθθ(k′|p|q) represents the
energy transfer from mode θ(p) (the eld variable with the seond argument) to mode θ(k′) (the eld variable with
the rst argument) with the help of the mode θ(q) (the eld variable with the third argument) ating as a mediator.
The above formalism is alled mode-to-mode formalism for energy transfer [7, 53℄, and it diers from Kraihnan's
ombined energy transfer formalism [23, 29℄. The energy equation an be interpreted as follows: The eld variables
with wavenumber k′ [u(k′), θ(k′)℄ reeives energy from the modes p and q through mode-to-mode energy transfer
terms, and it also reeives energy due to interation term θ(k)u3(k
′).
It is important to keep in mind that |θ(k)|2/2 is not real energy. However, it has struture of energy, and we an
apply the energy transfer formalism here as well. This idea has been exploited heavily in the past to infer the diretion
of ux of passive salar et. [24℄. Dar et al. [7℄ and Verma [53℄ have shown that the sum of all energy transfer rates
along u-u and θ − θ hannels are zero, i.e.,
SXX(k′|p|q) + SXX(k′|q|p) + SXX(p|k′|q) (D10)
+SXX(p|q|k) + SXX(q|k′|p) + SXX(q|p|k′) = 0, (D11)
where XX ould be uu or θθ.
Using this identity we an easily show that without visous and thermal diusion
∂
∂t
|u(k)|2 + |u(p)|2 + |u(q)|2 = 2RPℜ[θ(k)u∗3(k) + θ(p)u∗3(p) + θ(q)u∗3(q)], (D12)
∂
∂t
[|θ(k)|2 + |θ(p)|2 + |θ(q)|2] = 2ℜ[θ(k)u∗3(k) + θ(p)u∗3(p) + θ(q)u∗3(q)], (D13)
The interpretation of the above equations is that the triads [u(k′),u(p),u(q)] and [θ(k′), θ(p), θ(q)] exhange energy
between eah other via θ(k)u∗3(k) interation terms. The mode-to-mode interation onserves energy within a triad.
The visous and diusive terms dissipate kineti energy and θ-energy respetively.
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